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Pascal’s Triangle and the Binomial Theorem

x+y)°=1
(x+p)t = 1x+1p
(x +y) = 1 + 2xy + 1)?
(x +y)? = 1x° + 3x%y + 3xp? +1 )°
(x +y)i=1x* + 43y + 6xY? + 4xp? + 1y*
(x +3)° = 1x5 + Sxdp + 10232 + 10x%° + Sxp* + 1)S
(x + )% = 1x + 6x5y! + 15x%2 + 2032 + 15xH* + 6x)° + 1)°
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The Binomial Theorem

The Binomial Theorem is a formula used for expanding

powers of binomials. Each term of the answer is the

product of three first-degree
(a + b)Y} =(a+ b)a+ b)(a+bh) factors. For each term of the
=a3+3a2h+3ab*+ b3 answer, an a and/or b is taken
from each first-degree factor.
* The first term has no A. It is like choosing no 5 from three 5’s.
The combination ;C is the coefficient of the first term.
* The second term has one b. It is like choosing one 5 from three 5’s.
The combination ;C, is the coefficient of the second term.
* The third term has two b’s. It is like choosing two ﬁ’_svf om three
b’s. The combination ;C, is the coefficient of the term.
* The fourth term has three 5’s. It is like choosing three 5’s from
three b’s. The combination ;(j; is the coefficient of the third term.

(a+ b@=a3 +@azb +@ab2 +@ b
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Pascal’s Triangle and the Binomial Theorem

The numerical coefficients in a binomial expansion
can be found in Pascal’s triangle.

Pascal’s Pascal’s Triangle
Triangle Using Combinatorics

1t Rown =0 (a+b)°
27 Rown =1 (a+ b)!
3rd Rown =2 (a+ b)*
4 Rown =3 (a+bh)’
5t Rown =4 (a + b)*

6th Rown=>5 (a+ b)
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Binomial Expansion - the General Term

(a + b)Y =a’ + 3a*h+ 3ab®* + b3

The degree of each term is 3.
For the variable a, the degree descends from 3 to 0.
For the variable b, the degree ascends from 0 to 3.

(a+by=;C,a "B+ ;C, a® 'b' + ;C, @*-2b* + ;C; a3 °b°
(a+by'=,Coa" """+ C,a"'b'+ ,C,a" *b* +... + ,C, a" *b*
The general term is the (k + 1) term: M k=8 g

¢, a"'b
:
k+1 i -EXH..IZ YIZ

(#4b)
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Binomial Expansion - Practice

Expand the following.
a) (3x +2)* .

= ,C(3x)*(2)° + ,C,3x)°(Q)! +.,C,3x)*(2)* + ,C(x)'(2)° +,C,(3x)°(2)*

= 1(81x*) +4(27x%)(2) + 6(9x°)(4) + 4(3x)(8) + 1(16)

= 81x* + 216x3 + 216x% + 96x +16

b) (2x - 3y)*
= C2O3)" +,C P +,GROU3) + GG + 0,293
= 1(16x%) + 4(8x3)(-3p) + 6(4x2)(9)?) + 4(2x)(-27)) + 81y
= 16x* - 96x3y + 216x%? - 216x)° + 81*
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(2%—33}4

=46 (2)* (33 +4C) z><)(;a)Jr zbl( 2,3>L+
£ O 4 L(2)loy)?
SOTE %x>( 33\ +G ‘/%(qa’) +
(4\(7)3(—2737 f ( ()(') S(I‘O )

= (bx* - %x;}’rzwj —zwxjugua“*

b) (2x - 3y)*
= G2 + CEPE) +GEPEN+CRIE) +,C,203)
= 1(16x*) + 4(8x%)(-3) + 6(4xD)(9y?) + 4(2x)(-27y%) + 81
= 16x* - 9633 + 216322 - 216x)° + 81y
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Binomial Expansion - Practice

¢) (Zx — %] : 7 e

(2x - 3x1)5= 5C0(2x)5(-31@ sC 1(23\:)“(—3&3- sC,(2x)3(-3x71)?
n=3 + G2 (3x )3 + C,2%) ' (3x) + C(2%)°(-3xT)F

= 1(32¢%) + S(16x*)(-35) + 10Bx)(9x) + 10(4x?)(-27x)
+ 5(2x)(81x*) + 1(-81x%) 243X

= 32x5- 240x3 + 720x! - 1080x!+ 81(}x3@
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Finding a Particular Term in a Binomial Expansion

a) Find the il (oo in the expansion of (3x - 2)11,

e Ckan k pk v tg_
n=11

. tm 1Cr (Bx)1-7(-2)7

y 1l
(=7 = 1C; B0 (2 ( Mb) - OO0

= 330(81x%)(-128)

oy =

=-3421 440 x* (;41 lp
t Onfnire m‘ 4 @
b) Find the middle term of (a2 - 35%)8. n =8, therefore, there are
o nine terms. The fifth term
n=8 Liv1=,Cca"%b is the middle term.
_ 2
P fyr 1= 5Cy (@) B4 (353 t
= t= 4Cy (@) * (-35%) 5
= 70a8(81b12)

= 5670a%h1?



Binomial Theorem.notebook November 03, 2014

Fllldln_%j‘l Partlcular Term in a Binomial Expansion

a) Find the eighth term m the e';pe?nsmn of (SxC.,\)@' "

. - . a. b
n=11 \t"“_"c"a kbk) g+ S k+t k=7

> tm 1Cy Bx)11-7(-2)7

k=17 4 = 1Cr 3x)*(-2)7
= 330(81x*)(-128)
=-3 421 440 x*
Torl B of Yerms = N+ 1 = T dermg
b) Find the middle term of (az = 3b3)8. n = 8, therefore, there are
nine terms. The fifth term
fyo1= ,Crpa® * bk is the middle term.
fys1= 5Cy () 34 (30 Sth - ¢
t;=gC, (a®) *(-3b%)*
= 70a8(81b12) k< ‘f-
= 5670a8h"?

10
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Finding a Partlcular Term in a Bino 1&1 Expansion )

with o Vava (qy,( him

Find the constant term of the expansion of | 2x — )
')CM )C _Xm+h x’

n=18 | f 1 = 3G (2x)18F (2

b=-x? tk+1=1ka(2‘8"§6fls"‘ 'l)kéﬂk\)
k27 ] 4,4 = 15Cy 225 P T SR
/7 fesq = 15Cp 218 F (-1)f 15 3% | (Ig k),{. 2

&, o l = ’ . 3,(
‘fbrm ubstitute & = 6: A

g lg+1= 8C6218'6(1)6
k.(_ ' , Therefore, the constant

7= wC2)D° term is 76 038 144.
=76 038 144
(¥

Sfe‘“f (276— X

11
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Finding a Particular Term in a Binomial Expansion

n=(0 , K=1 = x? = -
Find the numeriéal coeffiéieor\lt of '/ L x

10
the x!! term of the expansion of el l) .
K4 ¥h ~[. v l\K X v -k
n=10 o= IOCk (x2)10-k(_x-1)k /—7?&7 =X

20 - 3k =11
- 20 -2k (_1\k K
b=t | Ber1 = 00GeX 0 M EDXT 90 Skg-k) T Sp=9

— 4= 10Ck('1)ké 2026k l X - k=3
1= 10C, (L2 %] = lg ;

Substitute &k = 3:

t o1 = 10Cs (1)? x20-36)
3+1 1073 Therefore, the numerical

1,=19C; (-1)°x1 coefficient of the x!! term
£,=-120 x!! is -120.

12
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‘5(4 ‘)‘I = ’Xq + -...XS t.... XS ‘+
Finding a particular Term (')‘i' the Bino'?nial
4 Jerm
One term in the expansion of (2x - m)7 is -15 120x*°. Find m.

fre1=,Cpa" b

fy+1 =705 2x)* (-m)?
b, fr+1 = (35) (16x%) (-m)’
4-17 2 15 120042 = (560x%) (-m)>

“ YRl

™R 3
1 |

—15 120x*y° .
560x
971 . Therefore, m is 3y.
27y =m’
N27y’ =m

y=m
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Factoring Using The Binomial Theorem

h n
o

Rewrite 1+10x> +40x* +80x°® +80x® +32x'" as (a+b)”
e of o = o n=L-1=5

n=#of terms =5

Firstterm=an=1,soa=l

Last term= 0" = 32 (2X2)5 ,s0 b= P

7.5

1+10x% +40x* +80x° +80x" +32x"'=(1 2. )

14
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