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CAT
CTA
ACT
ATC
TCA

Permutations

A permutation is an arrangement of a set of objects
for which the order of the objects is important.

In how many ways can we arrange the letters of the word CAT?

There are six arrangements or permutations of

you have a different permutation. b

TAC _

IXx2x

RD ¢

b
3x2Xx | =( =31 SAN

— e— —

> the word CAT. By changing the order of the letters, ‘?

Using the Fundamental Counting Principle, we would have

1 number of distinct arrangements or permutations.

In calculating permutations, we often encounter expressions such
as 3 X 2 X 1. The product of consecutive natural numbers in
decreasing order down to the number one can be represented
using factorial notation:

2x1=23! Thisis read as “three factorial”.



Permutations_Board Notes.notebook October 22, 2014

Evaluating Factorial Notation

10'=10X9x8X7X 6 x5x4x3x2x1
=3 628 800

By definition, for a natural number n:
nl=nn-1)n-2)(n-3)x...x3x2xl1

Simplify the following expressions.

a)& b) 2 0 n! d (n+3)!
7! 10! (n=D! (n+ D!
a) 10!_10><9><8><7 2] " 12!_12><11><-1-677<-}
g/ B EON ST SV BVE. R | )10!_'1'67—9'XTX+
—10x9x8 =

— 720 =132
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Evaluating Factorial Notation

) 7l ntn—In—2yx...x3x2xl

C =

(m—=1)!  An—Dr—2D) 321
=hn

g (XD (43I B3
(n+ 1) D —D e x3 %21
=(n+3)(n+2)
=n*+5n+6

Express as a single factorial.
CXY¥xyv2¥%|
a) IX8XTX6[xS! =9

b) n(n- lﬁn - 2)!’ =n!

¢) (m-r+)(n-r)(n-r-1)! =n-r+ 1)!%

October 22, 2014
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Finding the Number of Permutations

1. Determine the number of ways that seven boys can line up.

TX6Xx5x4x3x2x1=5040 7 & S 4 32

— e tem e,

2. In how many ways can the letters of the word HARMONY
be arranged?

= 5040

There are 5S040 different ways that seven boys can line up.

The number of permutations of »
different objects taken all at a time is
n!

There are 5S040 ways of arranging the seven letters.
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Finding the Number of Permutations g [ - ‘“" g
d e Heq

How many three-letter permutations can be formed from the are uged|
letters of the word DINOSAUR? D\V 3 8 7 é

8§ X 7 X There arc SRl _
= 27lld 36rd ere are ways x)(—]F (,

336 represents the number of permutations of eight objects- 9 3
taken three at a time.

This may be written as ¢P; (This is read as “cight permute three”.)

In general, if we have n objects but only want to select r objects
at a time, the number of different arrangements is: g|

= S i
The number of permutations of 7 objects taken » at a time is:

n! nl _ N:ﬂ!

A I o BT
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Finding the Number of Permutations

A special case of this formula occurs when n =r.

|
3P =3! I <t
T (3=-3)!
3!
2PR=_
S )]

From these two results, we can see that 0! = 1.
To have meaning when r = n, we define 0! as 1.

Find the value of each expression:

a) Py =120 b) P, =604 800

Using the letters of the word PRODUCT, how many
four-letter arrangements can be made?

P, =840 There are 840 arrangements.

October 22, 2014
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Finding the Number of Permutations
Solve forn. P, =90

!

=90

(n—-2)!

— Dar—2 =32
n(n—1) ) — 90
nn-1)=90
n-n=90
n-n-90=0
(n-10)(n+9)=0

n-10=0 g n+t9=0 neN

n=10 n=-9

Therefore, n =10.
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Finding the Number of Permutations

1. How many six-letter words can be formed from the letters
of TRAVEL? (Note that letters cannot be repeated)

a) If any of the six letters can be used: ‘
¢Ps = 6!
=720
b) If the first letter must be “L.”:

- 1xP.=1x3!
Listhe 1 °°_ 0

onY Cholce
¢) If'the second and fourth letters are vowels:

Zé{xi 48 j ‘ﬁh" vowe | AV or VA

d) If the “A” and the “V” must be adjacent: 0 | Aot
(Treat the AV as one letter - this grouping can be arranged 2! ways.) J/

AV or (A
5!x 2! =240 o _';5! :5!’(1’-
o

2 1 2 Chow
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Finding the Number of Permutations

1. How many six-letter words can be formed from the letters
of TRAVEL? (Note that letters cannot be repeated)

a) If any of the six letters can be used: ‘
P = 0!
=720
b) If the first letter must be “L.”: _'__ e |
1x:P;=1x3!
=120 Pz

¢) If the second and fourth letters are vowels:
41 3br +—1
2x1x4!=48 =414 v vV
——"7

d) If the “A” and the “V” must be adjacent:

(Treat the AV as one letter - this grouping can be arranged 2! ways.)

S!x2!=240

10
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— — — —
— e—

\ Finding the Number of Permutations
Ohe Cholce 8 Ao Narbqr\q

2. A bookshelf contains five different algebra books an(ﬁsleve
different physics books. How many different ways can these
books be arranged if the algebra books are to be kept together?

For the five algebra books: 5!
The five algebra books are considered as one item, therefore,
you have eight items ) to arrange: 8!

égl‘*ﬁ'z*ﬂ's"fM"‘ﬁSJ_& 165 432\ xSl

Total number of arrangements = 8! x 5!
=40 320 x 120
=4 838 400
3. In how many ways can six boys and six girls be arranged on
a bench, if no two people of the same gender can sit together?

Gl'b ¢ b g b g b g b g b g
&s‘eal].'gbgbgbgbgbgb

umber of arrangements is
1 036 800.

11
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Finding the Number of Permutations

2. A bookshelf contains five different algebra books and seven
different physics books. How many different ways can these
books be arranged if the algebra books are to be kept together?

For the five algebra books: 3! & P 5
The five algebra books are considered as one item, therefore,

you have eight items (7 + 1) to arrange: 8!

Total number of arrangements = 8! x 5!
=40 320 x 120

=4 838 400

3. In how many ways can six boys and six girls be arranged on
a bench, if no two people of the same gender can sit together?

b g b g b g b g b g b g
g b ¢ b g b g b g b g b

Boys: 6! The total number of arrangements is
Girls: 6! 6! x 6! x2=1 036 800.

October 22, 2014
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Finding the Number of Permutations
4. In how many ways can the letters of the word | |
MATHPOWER be arranged if: 9 different letrers =91
a) there are no further restrictions?
9! =362 880

b) the first letter must be a P and the last letter an A? 7 | X 2!
1x7!'x1=5040 ’ :

? 4321
c¢) the le;t’ers41:f1:4;['}12;1:)ust be togetherD oo 4! _‘; _g_ RgEsC
XS Y 3 %ays o Arese MAT | mam as | choice

d) the letters MATHﬂ-tnus be together and in that order?

! = - o
s 72?/"«'- Jvl(‘l' Y-divait Numbers

. How manyan be made from the digits 2, 3, 4, and §,
. . . > .
588 TR it 23,05
4! + P+ P, + P, =64

h

4-gis }A; 115
BYS, B3¢, - 13,94 25, -

13



Permutations_Board Notes.notebook October 22, 2014

Finding the Number of Permutations

M3INTM, uM,

6. How many arrangements of four letters are ther¢ from
the word PREACHING? MyINIM uM,

lelNT—"'l;u\M;

7. How many distinet arrangements of MINIMUM are there?

M(INEMa UM V{

number of arrangements = Bip Me I NIM 3 W

=420

oP, = 3024

8. There are six different flags available for
signaling. A signal consists of af least four
flags tied one above the other. How many
different signals c?l be made?
b! ol
PaT P;' + P = 1800
6' {'I 4_L =340 + 790 + 720

14
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Solving Equations Involving Permutations

Solve , P, = 30 algebraically.

n!

=30

(n—2)!

_ _2)
n(n—1)(n 2).:30

(n-2)!

nn-1)=30
n*-n=30
n-n-30=0

Therefore, n = 6.
(n-6)(n+5)=0

n=6orn=-5
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Permutations with Repetition (l d_M\"‘ Il CA,Q

How many four-letter words can be made using

the letters of PEER?  , _ . ITems
g =

Note that PEER and PEER are not distinguishable,
therefore, they count as one permutation.

When this happens, you must divide by the factorial of
the number of repeated terms.

For PEER, the number of arrangements is:
41
5 =12 arrangement
The number of permutations of # objects taken » at a time, if

there are a alike of one kind, and 5 alike of another kind, ¢ alike
of a third kind, and so on, is: |
1!

a'b ...

16
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Permutations with Restrictions 1

1. In how many ways can the letters of the word ENCINEERING

be arranged? 3Es 3Ns 2I¢ 164
11!

31312508
=277 200

number of arrangements =

2. Naval signals are made by arranging coloured flags in a vertical
line. How many signals can be made using Ziyf flags, if you have:

a) 3 green, 1 red, and 2 blue flags? {n) 3191 6!
b) 2 red, 2 green, and 2 blue flags? " { b) m
' '
number of arrangements = b number of arrangements = :
B2} SN D4k D
(&) (b)
=60 =90

17
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3602654321 3246b54%32]

Permutations with Restrictions Tisieud ¢
3. Find the number of arrangements of the letters of UTILITIES:
a) if each begins with one I and b) if each begins with | AW
the second letter is not an I. . exactly two I’s.] M0 t; 7 ;_‘

3 x6x7  Tetr A 3 %2 X 6 X6 okl
arrangements = K6/ X7} arrangements = 3x2x6x6! B
= 7560 C H R =2160

4. How many arrangements are there, using all the letters of the

word REACH, if the consonants must be in alphabetical order?
=——HEARC CEAHR

If the order of letters cannot be changed, then treat these
letters as if they were identical.

S!
arrangements = 31

=20

18
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MDMA4U Permutations with Identical Items

(R} How many ways can we arrange the letters from MOO?

MO,0; Mob om0 HpM

MO,0,

There are 3 distinct words.

(R Howmany ways can we arrange the letters from MOOQO?

MO,0,0, L‘_ '
MO,0,0, T—

1 2 g '
MO,0,0, ,
MO0,0.0,

MO0,0,0,
MO0,0,0,
There are only different words.

(R Now consider the letter MOOM

MM, 0,0,
M, M,0,0, ’ )

M,M,0,0, / oL 2
21 2]

October 22, 2014

Date:
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Example 1:

Determine the number of arrangements of 3 violets and 2 roses in a block vase.

- 3 b 2

Example 2:

In how many ways could 5 pennies, 3 nickels, 2 dimes and a quarter be arranged in a

line? '_'b«"-"-, > ‘;
n= a= b= c= d= 6:.!/ @@
1! cees
503121 i )

Example 3:

a) How many arrangements are there of the letters in the word MATHEMATICS?

b) How many ways of these arrangements begin with the letter M?

¢) How many of the arrangements in part a) would have the T’s together?

October 22, 2014
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Example 3: | |

a) How many arrangements are there of the letters in the word MATHEMATICS?

| 2Ms JTs Q¢

TP = 4989640

b) How many ways of these arrangements begin with the letter M? ,__’__,.

200987654321 | 2
“““““““ o | 272!
_9_7;’_9’——- = 07700 z
2172121
c) How I’J'flall}’ 'of the arrangements in part a) would have the @ogether?
— RS Ore
1198765 432 @dmce

21
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